We study thermodynamic properties and phase structures of topological black holes in the Einstein theory with a Gauss-Bonnet term and a negative cosmological constant. The event horizon of these topological black holes can be an hypersurface with positive, zero or negative constant curvature. When the horizon is a zero curvature hypersurface, the thermodynamic properties of black holes are completely the same as those of black holes without the Gauss-Bonnet term, although the two black hole solutions are quite different. When the horizon is a negative constant curvature hypersurface, the thermodynamic properties of the Gauss-Bonnet black holes are qualitatively similar to those of black holes without the Gauss-Bonnet term. When the event horizon is a hypersurface with positive constant curvature, we find that the thermodynamic properties and phase structures of black holes drastically depend on the spacetime dimension d and the coefficient of the Gauss-Bonnet term: when d ≥ 6, the properties of black hole are also qualitatively similar to the case without the Gauss-Bonnet term, but when d = 5, a new phase of locally stable small black hole occurs under a critical value of the GaussBonnet coefficient, and beyond the critical value, the black holes are always thermodynamically stable. However, the locally stable small black hole is not globally preferred, instead a thermal anti-de Sitter space is globally preferred. We find that there is a minimal horizon radius, below which the HawkingPage phase transition will not occur since for these black holes the thermal anti de Sitter space is always globally preferred. *
I. INTRODUCTION
In recent years black holes in anti-de Sitter (AdS) spaces have attracted a great deal of attention. There are at least two reasons responsible for this. First, in the spirit of AdS/CFT correspondence [1] [2] [3] , it has been convincingly argued by Witten [4] that the thermodynamics of a certain CFT at high temperature can be identified with the thermodynamics of black holes in AdS spaces (AdS black holes). With this correspondence, one can gain some insights into thermodynamic properties and phase structures of strong 't Hooft coupling CFTs by studying thermodynamics of AdS black holes.
Second, the so-called "topological censorship theorem" [5] fails in asymptotically AdS spaces. It has been found that except for the spherically symmetric black holes whose event horizon is a sphere surface, black holes also exist with even horizon being a zero or negative constant curvature hypersurface. These black holes are referred to as topological black holes in the literature. Due to the different horizon structures, these black holes behave in many aspects quite different from the spherically symmetric black holes. These black holes have been intensively investigated recently in different contexts [6] − [17] .
It is by now known that for a Schwarzschild black hole in an AdS space, the black hole is thermodynamically unstable when the horizon radius is small, while it is stable for large radius; there is a phase transition, named Hawking-Page phase transition [18] , between the large stable black hole and a thermal AdS space. This phase transition is explained by Witten [4] as the confinement/deconfinment transition of the Yang-Mills theory in the AdS/CFT correspondence. Therefore, the partial function of the Yang-Mills theory is dominated by the large stable black hole in the high temperature phase, while it is dominated by the thermal AdS space in the low temperature phase. However, it is interesting to note that if event horizon of AdS black holes is a hypersurface with zero or negative constant curvature, the black hole is always stable and the corresponding CFT is always dominated by the black hole. That is, there does not exist the Hawking-Page phase transition for AdS black holes with a Ricci flat or hyperbolic horizon [15] .
Higher derivative curvature terms occur in many occasions, such as in the semiclassically quantum gravity and in the effective low-energy action of superstring theories. In the latter case, according to the AdS/CFT correspondence, these terms can be viewed as the corrections of large N expansion of boundary CFTs in the strong coupling limit. Due to the non-linearity of Einstein equations, however, it is very difficult to find out nontrivial exact analytical solutions of the Einstein equations with these higher derivative terms. In most cases, one has to adopt some approximation methods or find solutions numerically.
Among the higher derivative gravity theories, the Lovelock gravity is of some special features in some sense. For example, the resulting field equations contain no more than second derivatives of the metric and it has been proven to be free of ghosts when expanding about the flat space, evading any problems with unitarity. The Lagrangian of Lovelock theory is the sum of dimensionally extended Euler densities
where c i is an arbitrary constant and L i is the Euler density of a 2i-dimensional manifold,
Here the generalized delta function is totally antisymmetric in both sets of indices. L 0 = 1 and hence c 0 is just the cosmological constant. L 1 gives us the usual Einstein term and L 2 is the Gauss-Bonnet term. A spherically symmetric static solution of (1.1) has been found in the sense that the metric function is determined by solving for the real roots of a polynomial equation [19] . Since the Lagrangian (1.1) includes many arbitrary coefficients c i , it is difficult to extract physical information from the solution. In Refs. [20, 21] , by restricting these coefficients to a special set so that the metric function can be readily determined by solving the polynomial equation, some exact, spherically symmetric black hole solutions have been found. Black hole solutions with nontrivial topology in this theory have been also studied in Refs. [16, 17] . However, the other side of the coin is that because these coefficients are restricted to those special values, some interesting features of solutions might be missed. In this paper we will discuss black hole solutions in the Einstein theory with a GaussBonnet term and a negative cosmological constant, in which the Gauss-Bonnet coefficient is not fixed. The interesting is that the Gauss-Bonnet term has been argued to arise as well as the leading order correction to the Einstein action in the heterotic string [22] . This theory has been intensively studied in the literature in the different contexts. We find that because of this Gauss-Bonnet term, some nontrivial and interesting features occur in the thermodynamics of black holes in this theory.
The organization of this paper is as follows. In order to see clearly how the thermodynamic properties of AdS black holes are effected by the Gauss-Bonnet term, in the next section we first briefly review some of salient features of thermodynamic properties of AdS black holes without the Gauss-Bonnet term, paying attention on the difference among three classes of black holes with different horizon structures. In Sec. III we will present exact black hole solution with the Gauss-Bonnet term and analyze thermodynamic properties of black holes, respectively, according to the classification of horizon structures. In Sec. IV we summarize and discuss our results.
II. ADS BLACK HOLES WITHOUT GAUSS-BONNET TERM
Consider a d-dimensional (d ≥ 4) Einstein gravity with a negative cosmological constant,
one has the following exact solution [15] 
where h ij dx i dx j denotes the line element of a (d − 2)-dimensional hypersurface σ k with constant curvature (d − 2)(d − 3)k, and Σ k is its volume. The integration constant M is the gravitation mass of the solution and G is the Newton's constant in d dimensions. Without loss of the generality, one may take k = 1, k = 0 and k = −1, respectively. The solution (2.2) can describe a black hole in an AdS space with event horizon radius r + obeying f (r + ) = 0, that is,
Thus the constant M can be viewed as the mass of the black hole if the AdS space, the solution (2.2) with M = 0, is regarded as the ground state. When k = 1, if the (d − 2)-dimensional hypersurface σ k is a (d−2)-dimensional unit sphere, the solution (2.2) is a higher dimensional generalization of the spherically symmetric AdS Schwarzschild black hole, the event horizon is of the spherical topology S d−2 . Note that in higher dimensions, even in the case k = 1, there still exist the possibilities of nonspherical topology for the horizon hypersurface. When k = 0, the event horizon is a Ricci flat hypersurface. With appropriate identifications of coordinates, one may obtain a torus T d−2 horizon surface. When k = −1, the event horizon is a hyperbolic hypersurface. With appropriate identification, one may construct a horizon hypersurface with arbitrary high genus.
The solution with k = −1 is little bit peculiar in the following sense. First let us note that when M = 0, although the solution (2.2) is locally an AdS space, it has a black hole horizon r + = l with Hawking temperature T and Bekenstein-Hawking entropy S,
This is the so-called "massless" black hole. Second, when M > 0, the black hole has only one horizon r + satisfying (2.3) with k = −1. When M < 0, however, it can have two horizons, which coincide as
In this case, the coincident horizon r
, the Hawking temperature vanishes and the black hole behaves like an extremal one. When the mass is smaller than the one (2.5), the singularity at r = 0 will be naked. So the black hole with mass (2.5) is the smallest one in the case k = −1. Because the mass in (2.5) is negative, there is an argument that one should view the extremal black hole (2.5) as the ground state. In that case, the mass of black holes becomes M − M ext , which is zero for the extremal black hole and is always positive for other ones [12, 23] .
For the black hole solution (2.2), one has the Hawking temperature T and entropy S,
in terms of the horizon radius r + . The heat capacity of the black hole is
One can see that since r
, the heat capacity is always positive in the case k = 0 and k = −1. For the case k = 1, however, the heat capacity is negative for small black holes with r
, positive for large black holes with r
, and diverges and changes its sign at
The sign of the heat capacity indicates the local stability of a thermodynamic system. Therefore the AdS black holes with Ricci flat or hyperbolic horizon are always locally stable.
For the black holes with k = 1, the small black holes are locally unstable, while the large black holes are locally stable; the critical value is given by (2.8). In Fig.1 the inverse temperature β = 1/T of the black holes versus the horizon radius is plotted. We can see clearly different behaviors for the cases k = 1, 0 and −1: The inverse temperature alway starts from infinity and monotonically decreases to zero in the cases k = 0 and k = −1, while the inverse temperature starts from zero and reaches its maximum at the horizon radius (2.8) and then goes to zero monotonically when k = 1. The free energy F of black holes, defined as
From which one can see clearly that the free energy is always negative for the cases k = 0 and −1 1 . When k = 1, however, it is negative for large black holes with r 2 + /l 2 > 1, but becomes positive for small holes with r 2 + /l 2 < 1, and changes its sign at
The sign of the free energy indicates the global stability of a thermodynamic system. Therefore, in the case k = 0 and −1, the AdS black holes are globally stable, but for the case k = 1, it is globally stable only when r 2 + /l 2 > 1, and unstable when r 2 + /l 2 < 1. Note that the Euclidean action I of black holes is I = βF , which implies that here the free energy of the thermal AdS space has been set to zero. Thus, when the black hole has a negative free energy, the black hole is globally preferred, while if the black hole has a positive free energy, the black hole is not globally preferred, instead a thermal AdS space is preferred. Therefore, there is a first-order phase transition between the large black holes r 2 + /l 2 > 1 and the thermal AdS space when the free energy of black holes crosses the zero. This is just the Hawking-Page phase transition [18, 4] : In the high temperature phase the large black hole is globally preferred, while the thermal AdS space is globally preferred in the low temperature phase; the critical temperature is just the Hawking temperature (2.6) with r 2 + /l 2 = 1 . In addition, note that the critical values for the global stability (2.10) and local stability (2.8) are different: the latter is smaller than the former, between them the system is in a metastable state, there the black holes are locally thermodynamical stable, but not globally preferred. 1 In the case k = −1, the conclusion remains unchanged even if one takes the extremal solution (2.5) as the ground state [15] .
III. TOPOLOGICAL BLACK HOLES WITH GAUSS-BONNET TERM
In this section we add a Gauss-Bonnet term to the Einstein action with a negative cosmological constant and see how thermodynamic properties of AdS black holes, discussed in the previous section, are altered by the Gauss-Bonnet term. The action we will consider is
where α is the Gauss-Bonnet coefficient with dimension (length) 2 and is positive in the heterotic string theory [22] . So we restrict ourselves to the case α ≥ 0 3 . Varying the action yields the equations of gravitational field
We assume the metric being of the following form 
where a prime denotes derivative with respect to r,α = α(d−3)(d−4) and ϕ = r −2 (k−e −2λ ). From the action (3.4), one can find the solution e ν+λ = 1,
from which we obtain the exact solution
where M is the gravitational mass of the solution. The solution with k = 1 and spherical symmetry was first found by Boulware and Deser [22] . Here we extend this solution to include the cases k = 0 and −1. Note that the solution (3.6) has two branches with "−" or "+" sign. Moreover, there is a potential singularity at the place where the square root vanishes in (3.6), except for the singularity at r = 0. When M = 0, the vacuum solution in (3.6) is
Sinceα > 0, one can see from the above thatα must obeys 4α/l 2 ≤ 1, beyond which this theory is undefined. Thus, the action (3.1) has two AdS solutions with effective cosmological constants l 2 eff =
On the other hand, ifα < 0, the solution (3.7) is still an AdS space if one takes the "−" sign, but becomes a de Sitter space if one takes the "+" sign and k = 1. From the vacuum case, the solution (3.7) with both signs seems reasonable, from which we cannot determine which sign in (3.6) should be adopted. This problem can be solved by considering the propagation of gravitons on the backgrounds (3.7). It has been shown by Boulware and Deser [22] that the branch with "+" sign is unstable and the graviton is a ghost, while the branch with "−" sign is stable and is free of ghosts. This can also be seen from the case M = 0. When k = 1 and 1/l 2 = 0, just as observed by Boulware and Deser [22] , the solution is asymptotically a Schwarzschild solution if one takes the "−" sign, but is asymptotically an AdS Schwarzschild solution with negative gravitational mass for the "+" sign, indicating the instability. Therefore the branch with "+" sign in (3.6) is of less physical interest 4 . From now on, we will not consider the branch with "+" sign. From (3.6), the mass of black holes can be expressed in terms of the horizon radius r + ,
The Hawking temperature of the black holes can be easily obtained by requiring the absence of conical singularity at the horizon in the Euclidean sector of the black hole solution. It is
Usually entropy of black holes satisfies the so-called area formula. This is, the black hole entropy equals to one-quarter of horizon area. In higher derivative gravity theory, however, in general the entropy of black holes does not satisfy the area formula. To get the black hole entropy, in [16] we suggested a simple method according to the fact that as a thermodynamic system, the entropy of black hole must obey the first law of black hole thermodynamics:dM = T dS + · · ·. Integrating the first law, we have
where we have imposed the physical assumption that the entropy vanishes when the horizon of black holes shrinks to zero. Thus once given the temperature and mass of black holes in terms of the horizon radius, One can readily get the entropy of black holes and needs not know in which gravitational theory the black hole solutions are. Substituting (3.8) and (3.9) into (3.10), we find the entropy of the Gauss-Bonnet black holes (3.6) is
When k = 1, it is in complete agreement with the one in [24] , there the entropy of the Gauss-Bonnet black holes without the cosmological constant is obtained by calculating the Euclidean action of black holes. This agreement also confirms the assertion that entropy of black holes is a function of the horizon surface of black holes only. The heat capacity of black holes is
where
The free energy of black holes,
Thus we give some thermodynamic quantities of Gauss-Bonnet black holes in AdS spaces. We will find that these quantities drastically depend on the parameterα, horizon structure k and the spacetime dimension d. Below we will discuss each case according to the classification of horizon structures, k = 0, k = −1 and k = 1, respectively.
A. The case of k = 0
In this case we have
where r
Comparing with Eqs. (2.6), (2.7) and (2.9), one can see immediately that these quantities have the completely same expressions as those for black holes without the Gauss-Bonnet term. Therefore in the case k = 0, the black holes with and without Gauss-Bonnet term have completely same thermodynamic properties, although the two solutions are quite different, which can be seen from (2.2) and (3.6). In particular, we note here that the entropy of the Gauss-Bonnet black holes still satisfies the area formula in the case k = 0.
B. The case of k = −1
As the case without the Gauss-Bonnet term, there are also so-called "massless" black hole and "negative" mass black hole in the Gauss-Bonnet black hole (3.6). When M = 0, the black hole has the horizon radius
with Hawking temperature T = 1/2πr + . Here there are two "massless" black hole solutions, corresponding to two branches in the solution (3.6). But the black hole with smaller horizon radius belongs to the unstable branch. Given a fixedα, the smallest black hole has the horizon radius
The black hole is an extremal one, it has vanishing Hawking temperature and the most "negative" mass
When 4α/l 2 = 1, the smallest radius is r 2 min = l 2 /2 and M ext = 0, independent of the spacetime dimension d. But in this case, the Hawking temperature does not vanish. It is T = 1/ √ 2πl. This is an exceptional case. From the solution (3.6), one can find that in order for the solution to have a black hole horizon, the horizon radius must obey
Thus the smallest radius (3.17) gives a constraint on the allowed value of the parameterα: (3.20) which leads to 4α/l 2 ≤ 1. Since the theory is defined in the region 4α/l 2 ≤ 1, the condition (3.20) is always satisfied. Due to the existence of the smallest black holes (3.17), we see from (3.9) that except for the case 4α/l 2 = 1, the temperature of black hole always starts from zero at the smallest radii, corresponding to the extremal black holes and monotonically goes to infinity as r + → ∞. In the case 4α/l 2 = 1, the temperature starts from 1/ √ 2πl at r 2 + = l 2 /2. This can also be verified by looking at the behavior of the heat capacity (3.12). After considering the fact that r 2 + ≥ 2α and 4α/l 2 ≤ 1, it is easy to show that the heat capacity is always positive. In Fig.2 we plot the inverse temperature of black holes in six dimensions versus the parameterα/l 2 and the horizon radius r + /l. Among the smallest black holes (3.17), the most smallest one is r 2 + = l 2 /2 when 4α/l 2 = 1, its free energy is zero. Therefore the free energy is always negative for other black holes since the heat capacity is always positive. As a result, the thermodynamic properties of the black holes with the Gauss-Bonnet term are qualitatively similar to those of black holes without the Gauss-Bonnet term: These black holes are always stable not only locally, but also globally.
In addition, let us note that except for the singularity at r = 0, the black hole solution (3.6) has another singularity at
when M ext < M < 0 . But both singularities are shielded by the event horizon r + .
C. The case of k = 1
This case is very interesting. From the temperature (3.9) one can see that the case d = 5 is quite different from the other cases d ≥ 6. When d = 5, the temperature starts from zero at r + = 0 and goes to infinity as r + → ∞, while it starts from infinity at r + = 0 as d ≥ 6. In Fig.3 we show the inverse temperatures of black holes withα/l 2 = 0.001 in different dimensions d = 5, 6 and d = 10, respectively. The behavior of temperature of black holes with the Gauss-Bonnet term in d ≥ 6 dimensions is similar to that of AdS black holes without the Gauss-Bonnet term. But the case of d = 5 (see Fig.4 ) is quite different from the corresponding one without the Gauss-Bonnet term (see Fig.1 ). Comparing Fig.4 with Fig.1 , we see that a new phase of stably small black hole occurs in the Gauss-Bonnet black holes.
When d = 5, we have from (3.8) the black hole horizon 22) where m = 16πGM/3Σ k . Therefore, in this case there is a mass gap M 0 = 3Σ kα /(16πG): all black holes have a mass M ≥ M 0 . Using the horizon radius, from Fig. 4 we can see that the black holes can be classified to three branches: branch 1 : 0 < r + < r 1 , C > 0, branch 2 : r 1 < r + < r 2 , C < 0, branch 3 : r 2 < r + < ∞, C > 0, (3.23) where
with the assumption 36α/l 2 < 1. In the branch 1 and 3, the heat capacity is positive, while it is negative in the branch 2. Therefore the black holes are locally stable in the branch 1 and 3, and unstable in the branch 2. At the joint points of branches, namely, r + = r 1,2 , the heat capacity diverges. Comparing with the case without the Gauss-Bonnet term, one can see that the branch 1 is new.
Whenα increases to the value,α/l 2 = 1/36, we find that the branch 2 with negative heat capacity disappears. Beyond this value, the heat capacity is always positive and the GaussBonnet black holes are always locally stable. In Fig. 5 , we show the inverse temperatures of Gauss-Bonnet black hole with the parameterα/l 2 , subcritical value 0.001, critical value 1/36, and supercritical value 0.20, respectively. In Fig. 6 , the continuous evolution of the inverse temperature is plotted with the parameterα/l 2 from zero to 0.25, from which one can see clearly that the black holes evolve from two branches to one branch via three branches.
However, inspecting the free energy (3.14) reveals that these stably small black holes are not globally preferred: The free energy always starts from some positive value at r + = 0 and then goes to negative infinity as r + → ∞. In Fig. 7 the free energy of black holes with different parameterα/l 2 is plotted. We see that all curves cross the horizontal axes (horizon radius) one time only, where F = 0. In Fig. 8 we plot the region where the free energy is negative. The region isα The joint point of the two curves is atα/l 2 = 0.0360 and r + /l = 0.3043. Beyond this region, the thermal AdS space is globally preferred. We see that there is a smallest horizon radius r + /l = 0.3043: there will not exist the Hawking-Page phase transition when the black hole horizon is smaller than the value r + /l = 0.3043. When black holes cross the curvesα 2 and α 1 , a Hawking-Page phase transition happens.
The region in which black holes are locally stable is determined by the curveα 0 , 27) In Fig. 9 the curveα 0 is plotted (the lowest one): the region is locally stable above this curve, namely,α >α 0 , and locally unstable below this curve. This curveα 0 touches the curveα 1 atα = 1/36 ≈ 0.0278 and r + /l = 0.4082. Unfortunately, in Fig. 9 most part of the curveα 2 is outside the plot. In Fig. 9 one can see that there is a large region where black holes are locally stable, but not globally preferred. When d ≥ 6, unlike the case d = 5, there is no the mass gap. The properties of GaussBonnet black holes are qualitatively similar to those of black holes without the Gauss-Bonnet term. This can be seen from the behavior of the Hawking temperature of black holes in Fig. 3 . This implies that the equation
= 0 has only one positive real root r + = r 0 (d,α/l 2 ). Using (3.13), one can obtain the positive real root. But its expression is complicated, so we do not present it here. Given a spacetime dimension d and a fixed parameterα/l 2 , when a black hole has a horizon r + > r 0 , the black hole is locally stable. Otherwise, it is unstable. The free energy (3.14) always starts from zero in the case d ≥ 6, reaches a positive maximum at some r + , and then goes to negative infinity as r + → ∞. This behavior is the same as the case without the Gauss-Bonnet term (see the curve ofα = 0 in Fig. 7) . The region where the black hole is globally preferred is restricted by a relation like (3.25), but withα
And as in the case of d = 5, these two curves connect at
in theα − r + plane. Therefore the phase structure of black holes in d ≥ 6 dimensions is similar to the one in d = 5 dimensions (Fig. 8) .
Finally let us mention that the temperature behavior (Fig. 4) of d = 5 Gauss-Bonnet black holes is quite similar to the one of the Reissner-Nordström (RN) black holes in AdS spaces in the canonical ensemble [26, 27] . There under the critical value of charge, the phase of stably small black holes occurs as well. However, there is a big different between two cases: For the RN black holes, the small black hole is not only locally stable, but also globally preferred, while the small Gauss-Bonnet black hole is only locally stable and not globally preferred, instead a thermal AdS space is preferred.
IV. CONCLUSIONS
We have presented exact topological black hole solutions in the Einstein theory with a Gauss-Bonnet term and a negative cosmological constant, generalizing the spherically symmetric black hole solution found by Boulware and Deser [22] to the case where the event horizon of black holes is a positive, zero or negative constant curvature hypersurface. We have examined thermodynamic properties and analyzed phase structures of these topological black holes.
When the even horizon is a zero curvature hypersurface, we find that thermodynamic properties of Gauss-Bonnet black holes are completely the same as those without the GaussBonnet term, although the two black hole solutions are quite different. As a result, these k = 0 Gauss-Bonnet black holes are not only locally thermodynamic stable, but also globally preferred. In particular, the entropy of these black holes satisfies the area formula. Note that usually black holes in higher derivative gravity theories do not obey the area formula.
When the even horizon is a negative constant hypersurface, these black holes are qualitatively similar to those without the Gauss-Bonnet term. These k = −1 Gauss-Bonnet black holes are always locally stable and globally preferred.
When the event horizon is a positive constant hypersurface, however, some interesting features occurs. When d = 5, a new phase of thermodynamically stable small black holes appears if the Gauss-Bonnet coefficient is under a critical value. Beyond the critical value, the black holes are always thermodynamically stable. Inspecting the free energy of black holes reveals these stable small black holes are not globally preferred, instead a thermal AdS space is preferred. The phase structures are plotted, from which we find that there is a smallest black hole radius. Beyond this radius, the Hawking-Page phase transition will not happen. From the phase diagram we see that there is a large region in which the black hole is locally stable, but not globally preferred. When d ≥ 6, however, the new phase of stable small black holes disappears. Once again, the thermodynamic properties of the black holes are qualitatively similar to those of black holes without the Gauss-Bonnet term.
Now we discuss the case α < 0. The vacuum solution is still the one (3.7). So in this case there is no restriction on the value ofα; the solution (3.6) is still asymptotically AdS. Those expressions of thermodynamic quantities (3.8), (3.9), (3.11), (3.13) and (3.14) are applicable as well.
When k = 0, since thermodynamic quantities are independent of the parameterα in this case, the conclusion is the same as the caseα > 0, but with a new singularity at
which is always shielded by the event horizon r + . When k = −1, the situation is similar to the caseα > 0, nothing special appears. In this case, the smallest radius is
The smallest black hole has a vanishing Hawking temperature. Inside the event horizon there is an additional singularity at
except for the one at r = 0. The black holes are also always locally stable and globally preferred. When k = 1, there is also a smallest horizon radius inside the black hole horizon. The inverse temperature of black holes starts from zero at the smallest radius (4.4), reaches its maximal at some r + and goes to zero when r + → ∞. The thermodynamic properties of black holes are qualitatively similar to the case withα = 0. As a result, the new phase, which appears in the case d = 5 and 0 <α/l 2 ≤ 1/36, does not occur in this case. 
